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1�evm_k�gsUGyHeTI~QeTPMWT	
2�iX`jQ^NSRYH^NJq�{to
Zb�K}zh�we_kaL`HeTI~lO[TPMeT�10TruVPM�Jtx\fp|℄PM.&�sÆ�M�N /��tLwL� ∆ABC(∠A < ∠B) ��M1 Γ xA ⌢

BC�⌢

AC �?#. ;# C F PC//MN K1 Γ - P #�I � ∆ABC �f��YM PI �!�K1 Γ - T .

(I) m8�MP · MT = NP · NT ;

(II) 2A ⌢

AB��<# C) xqn&# Q (Q 6= A,T,B)�H ∆AQC, ∆QCB �f�/�� I1, I2,

m8�Q, I1, I2, T �#61� I

8d�(I) Y NI,MI. *- PC//MN�P,C,M,N 61�8 PCMN ��#
��)�
NP = MC,PM = NC.

Y AM , CI�3 AM . CI K- I. )� I

∠MIC = ∠MAC + ∠ACI = ∠MCB + ∠BCI = ∠MCI,	' MC = MI. 
V
NC = NI.-�

NP = MI, PM = NI.8�
� MPNI �i��
��)� S∆PMT = S∆PNT (
 ��1).
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, P,N, T,M �#61�8 ∠TNP + ∠PMT = 1800. *wL�
D5~
S∆PMT =

1

2
PM · MT sin ∠PMT

= S∆PNT =
1

2
PN · NT sin ∠PNT

=
1

2
PN · NT sin ∠PMT-� PM · MT = PN · NT .

(II) )�
∠NCI1 = ∠NCA + ∠ACI1 = ∠NQC + ∠QCI1 = ∠CI1N,

Q

P

N

C

M

B

I1

I

I2

A

T 	' NC = NI1. 
V MC = MI2. * MP · MT = NP · NT �
NT

MP
=

MT

NP
.* (I) 	8 MP = NC, NP = MC. 8

NT

NI1

=
MT

MI2

.,)
∠I1NT = ∠QNT = ∠QMT = ∠I2MT,+

∆I1NT ∼ ∆I2MT.8 ∠NTI1 = ∠MTI2. �)
∠I1QI2 = ∠NQM = ∠NTM = ∠I1TI2.)� Q, I1, I2, T �#61� 2*�m8��~�

−1 < (

n
∑

k=1

k

k2 + 1
) − ln n ≤

1

2
, n = 1, 2, . . . .8d: ��8d&3��~�

(1)
x

1 + x
< ln(1 + x) < x, x > 0.
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�|x�℄
h(x) = x − ln(1 + x), g(x) = ln(1 + x) −

x

1 + x
.3& x > 0�

h
′

(x) = 1 −
1

1 + x
> 0, g

′

(x) =
1

1 + x
−

1

(1 + x)2
=

x

(1 + x)2
> 0.-�

h(x) > h(0) = 0, g(x) > g(0) = 0.2 (1) ?n x = 1
n
�

(2)
1

n + 1
< ln(1 +

1

n
) <

1

n
.℄ xn =

n
∑

k=1

k

k2+1
− ln n, 3 x1 = 1

2
,

xn − xn−1 =
n

n2 + 1
− ln(1 +

1

n − 1
)

<
n

n2 + 1
−

1

n

= −
1

(n2 + 1)n
< 0.)� xn < xn−1 < . . . < x1 = 1

2
.,)�

lnn = (ln n − ln(n − 1)) + (ln(n − 1) − ln(n − 2)) + . . . + (ln 2 − ln 1) + ln 1 =

n−1
∑

k=1

ln(1 +
1

k
).�)

xn =

n
∑

k=1

k

k2 + 1
−

n−1
∑

k=1

ln(1 +
1

k
)

=

n−1
∑

k=1

(
k

k2 + 1
− ln(1 +

1

k
)) +

n

n2 + 1

>

n−1
∑

k=1

(
k

k2 + 1
−

1

k
)

= −
n−1
∑

k=1

1

(k2 + 1)k

≥ −
n−1
∑

k=1

1

(k + 1)k

= −1 +
1

n
> −1.
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2w�z k, l �4$�Z376��8d�+�l(376� m ≥ k, }� Ck
m . l B��8+&�&q(76� t, ℄ m = k + t · l · (k!). �b8d (Ck

m, l) = 1.z p � l �q&�)A, <$8d�p ∤ Ck
m.u p ∤ k!, 3*

k!Ck

m =
k

∏

i=1

(m − k + i)

≡
k

∏

i=1

[(i + tl(k!)]

≡
k

∏

i=1

i

≡ k!(modp).G p �6�x~�8 p ∤ Ck
m.u p | k!, z α ≥ 1 } pα | k!, � pα+1 ∤ k!. 3 pα+1 | l(k!). 8*

k!Ck

m =

k
∏

i=1

(m − k + i)

≡
k

∏

i=1

[(i + tl(k!)]

≡
k

∏

i=1

i

≡ k!(modpα+1).F pα | k!, k pα+1 ∤ k!, 9 pα | k!Ck
m k pα+1 ∤ k!Ck

m. �) p ∤ Ck
m.8+*�&q(76� t, ℄ m = k + t · l · (k!)2. �b8d (Ck

m, l) = 1.z p � l �q&�)A�<$8d�p ∤ Ck
m.u p ∤ k!, 3*

k!Ck

m =

k
∏

i=1

(m − k + i)

≡
k

∏

i=1

[(i + tl(k!)2]

≡
k

∏

i=1

i

≡ k!(modp).G p �6�x~�8 p ∤ Ck
m.
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u p | k!, z α ≥ 1 } pα | k!, � pα+1 ∤ k!. pα+1 | (k!)2. 8*
k!Ck

m =

k
∏

i=1

(m − k + i)

≡
k

∏

i=1

[(i + tl(k!)2]

≡
k

∏

i=1

i

≡ k!(modpα+1).F pα | k!, k pα+1 ∤ k!, 9 pα | k!Ck
m k pα+1 ∤ k!Ck

m. �) p ∤ Ck
m.��2.0�7� 3 × 9 �Æ

P =









x11 x12 x13 x14 x15 x16 x17 x18 x19

x21 x22 x23 x24 x25 x26 x27 x28 x29

x31 x32 x33 x34 x35 x36 x37 x38 x39







?a���B��
�j 6[?a[�w�:=� 1�x17 = x28 = x39 = 0, x27, x37, x18, x38, x19, x29R�- 1. s: P �jw[7���Æ
S =









x11 x12 x13

x21 x22 x23

x31 x32 x33









_D�
��> (O): &-�Æ P ?�q(&[ 







x1k

x2k

x3k









(k = 1, 2, . . . , 9) R�2e3 i ∈ {1, 2, 3}}�
(3) xik ≤ ui = min{xi1, xi2, xi3}.m8:

(i) E�; ui = min{xi1, xi2, xi3}, i = 1, 2, 3 &$nB�Æ S ��
[�
(ii) �2�Æ P ?�&�&[ 







x1k∗

x2k∗

x3k∗









, k∗ 6= 1, 2, 3 }� 3 × 3 �Æ
S

′

=









x11 x12 x1k∗

x21 x22 x2k∗

x31 x32 x3k∗







rpP+�> (O)�
5



8d: (i) JzE�; ui = min{xi1, xi2, xi3}, i = 1, 2, 3 ��nB�Æ S ��
[�3�2&[�<q> ui. �-z ui 6= xi2, i = 1, 2, 3. *-�Æ P ?
&�?�q>Z3/�%���-� ui < xi2, i = 1, 2, 3. \&,
�*-�Æ S P+�> (O), 2 (3) ?n k = 2, 3�2e3
i0 ∈ {1, 2, 3} }� xi02 ≤ ui0 . `'�

(ii) *��0V9
min{x11, x12}, min{x21, x22}, min{x31, x32}?=y+Z3;n2
&[��-z
min{x21, x22} = x22, min{x31, x32} = x32.*j
�N^9�Æ S �"&[&$<+e3 ui, 	'<g� x11 = u1. 
"�"*[?%�<e3 ui, i = 1, 2. �-z x22 = u2. -� u3 = x33, G ui ��Æ S ?�&L�x�C�

S =









x11 x12 x13

x21 x22 x23

x31 x32 x33







H M = {1, 2, . . . , 9}, ℄E?
I = {k ∈ M | xik > min{xi1, xi2}, i = 1, 3}.�p I = {k ∈ M | x1k > x11, x3k > x32} k 1, 2, 3 6∈ I. )� x18, x38 > 1 ≥ x11, x32, 	' 8 ∈ I.8 I 6= ∅. -��2 k∗ ∈ I }� x2k∗ = max{x2k | k ∈ I}. �p, k∗ 6= 1, 2, 3.�
8d 3 × 3 �Æ

S
′

=









x11 x12 x1k∗

x21 x22 x2k∗

x31 x32 x3k∗







P+�> (O).�x
��+T9 u
′

i
:= min{xi1, xi2, xik∗} = min{xi1, xi2}, (i = 1, 3). 5�d

x1k∗ > min{x11, x12} ≥ u1, x3k∗ > min{x31, x32} ≥ u3.,* S _D�> (O), 2 (3) ?n k = k∗, �� x2k∗ ≤ u2, -� u
′

2 = min{x21, x22, x2k∗} = x2k∗ .�8&q(� k ∈ M , �2e3 i = 1, 2, 3 }� u
′

i
≥ xik. Ju�p�3 xik > min{xi1, xi2}, i = 1, 3k x2k > x2k∗ . 5. x2k∗ �E��`'�)���Æ S

′ _D�> (O)��8�&��z+ k ∈ M }��Æ̂
S =









x11 x12 x1k

x21 x22 x2k

x31 x32 x3k








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P+�> (O). �{&����bJ$
(4)

u1 = min{x11, x12, x13} = x11

u2 = min{x21, x22, x23} = x22

u3 = min{x31, x32, x33} = x33

x32 < x31.*- x32 < x31�x22 < x21 F (i)�+ û1 = min{x11, x12, x1k} = x11�,* (i) 9�C4 (a)

û3 = min{x31, x32, x3k} = x3k, C4 (b) û2 = min{x21, x22, x2k} = x2k.s: (a) �W�*�Æ Ŝ P+�> (O), 3
(5)

û1 = min{x11, x12, x1k} = x11,

û2 = min{x21, x22, x2k} = x22,

û3 = min{x31, x32, x3k} = x3k.*�Æ Ŝ _D�> (O)�3&- 3 ∈ M =y�2&3 i ∈ {1, 2, 3} }� ûi ≥ xi3�,* (4),(5) ~9, û1 = x11 < x13, û2 = x22 < x23. 	'<g+ û3 = x3k ≥ x33�
"*�Æ S _D�> (O)�T�� x33 ≥ x3k�-� k = 3, G�Æ S = Ŝ�s: (b) �W, 3
(6)

û1 = min{x11, x12, x1k} = x11,

û2 = min{x21, x22, x2k} = x2k,

û3 = min{x31, x32, x3k} = x32.*�Æ Ŝ _D�> (O)�&- k∗ ∈ M , �2e3 i = 1, 2, 3 }� ûi ≥ xik∗. * k∗ ∈ I F (4) = (6)~9�x1k∗ > x11 = û1, x3k∗ > x32 = û3. -�<g+ x2k∗ ≤ û2 = x2k�U�!�* S
′ _D�>

(O) F k ∈ M T�� x2k ≤ u
′

2 = x2k∗ . �) k∗ = k� 2
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